We study the phonon-assisted intraband relaxation of electrons and holes confined in Si nanocrystals. The rates of relaxation processes are calculated as functions of the nanocrystal size and of the temperature. It occurs that the main contribution to the relaxation is provided by the mechanism where a single acoustic and a number of optical phonons, which is necessary to compensate the energy difference between the quantized charge carrier levels, are involved. We show that the phonon-assisted transitions between neighboring, size-quantized levels occur typically on a picosecond timescale, but vary over several orders of magnitude with the nanocrystal size. This results in a multi-exponential decay of the carrier populations averaged over an ensemble of the nanocrystals with a given size distribution. When the nanocrystal size is reduced and more than two phonons are required for the transition, there is a qualitative difference in the behavior of the transition probabilities between the electrons and the holes. Whereas the electron transition times strongly oscillate around approximately the same mean values in the picosecond range with some drops towards nanoseconds, there is a clearly pronounced tendency of the relaxation time increase into the nanosecond time range for the hole transitions when the nanocrystal size is decreased. The increase of the temperature leads to a moderate decrease of the relaxation times but does not change the picture qualitatively.
Materials based on Si nanocrystals (NCs) are considered as potential building blocks for future silicon-based photonic and photovoltaic devices [1] [2] [3] [4] [5] fostering an intensive investigation of their properties (see e.g. Refs. 6 and 7 for reviews). Recent observations of a very efficient blue emission from excited Si NCs on ultrafast time scale and of other short-living emission bands 5, [8] [9] [10] call for a systematic description of the relaxation processes following the excitation of the non-equilibrium charge carriers in Si NCs. Excitation by light with the photon energy exceeding the optical gap of Si NCs creates mainly hot electrons and cold holes.
11 If several electron-hole pairs have been created in a NC, the Auger recombination process can contribute to the dynamics of the confined carriers on the picosecond time scale. 12, 13 In the case of a moderate excitation intensity, when only one electron-hole pair can occur in a NC, the Coulomb interaction would redistribute the excess of the excitation energy between the electron and the hole due to the elastic Auger scattering leading to appearance of hot holes and establishing a joint electron-hole distribution on a subpicosecond timescale. 11, 14 It is the phonon emission that controls the energy relaxation of hot carriers confined in Si NCs. We may recall that in bulk Si hot carriers can effectively thermalize due to single-phonon emission processes on subpicosecond timescales. [15] [16] [17] The space quantization of the charge carriers in Si NCs leads to discrete levels. For moderately excited carriers (excess energies 1 eV), the energy spacings between neighboring levels mostly exceed the phonon energies so that the single-phonon intraband relaxation is forbidden by the energy conservation. It is clear that in this case multiphonon transitions should play an essential role in the hot carrier relaxation whereas one-phonon transitions are more important for the highly excited carrier states with smaller energy spacings.
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The issue of the multiphonon-induced charge carrier relaxation was investigated theoretically and experimentally for semiconductor quantum dots based on A 3 B 5 , A 2 B 6 , and A 4 B 6 semiconductors. [18] [19] [20] [21] [22] Up to date, only few aspects of the multiphonon charge carrier relaxation in Si NCs have been addressed theoretically.
14, 23 The goal of the present paper is to provide a systematic theoretical description of the multiphonon relaxation of the moderately excited carriers in the particular case of the Si NCs embedded in the SiO 2 matrix. Certain peculiarities (described below) can be expected in this case.
Modeling multiphonon transitions in Si NCs embedded in the SiO 2 matrix requires the knowledge of the charge carrier states in these NCs as well as the appropriate description of the phonons and the carrier-phonon interactions. In the past, many various models were used to calculate the charge carrier states in the Si NCs. Ab-initio models are limited to very small nanocrystal sizes. 6, [24] [25] [26] [27] Semi-empirical approaches like tight-binding 6, 14, 28 and pseudopotential 29, 30 models are a good option in the case of the free-standing or hydrogen-passivated Si NCs but they still lack an appropriate description of the Si/SiO 2 boundary leading to a strong overestimation of the quantization energies in the case of the Si NCs embedded in SiO 2 . In this respect, it seems natural to employ a model based on the multiband effective mass approximation supplemented by the appropriate boundary conditions, along the lines of previous studies. 31 We model the hole spectrum in Si by the Luttinger Hamiltonian in the spherical approximation and the limit of a vanishing spinorbit interaction. 32 The electron spectrum in Si is contributed by six equivalent ∆-valleys with an anisotropic dispersion. 33 This approach provides a reliable description of the electron and hole states in Si NCs embedded in the SiO 2 matrix leading to a good agreement with the experimental data on the optical gap and the electronhole radiative recombination time. 31 It is a good approximation to neglect the effect of the spin-orbit coupling when calculating the charge carrier states in Si NCs and modeling their energy relaxation. 34 This coupling should be included when considering the spin relaxation, which is an important issue for silicon spintronics. 35 The spin relaxation in bulk silicon takes place on nanoseconds to microseconds times 34, 36, 37 being much longer than the typical energy relaxation times. The details of the corresponding processes are still under an active theoretical consideration even for the bulk case 37 . Thus, treatment of the spin relaxation in the case of Si NCs is clearly beyond the scope of the present work but surely would be an interesting challenge for future investigations. We will limit our consideration by a moderate excitation level of the NCs. In this case additional level splittings due to the valley-orbit interaction and to the anisotropy of the crystal structure do not significantly modify the typical energy level separations for not too small NCs. 28 In the present study we consider the phonon spectrum and the electron-phonon interactions using the parameters of bulk Si. It was shown in Refs. 38,39 that for NCs with diameters D 4 nm the interatomic forces remain close to those in the bulk and there are no dramatic changes in the phonon spectrum. More rigorous treatment of the phonon spectrum is necessary in order to get better quantitative results for small NCs with diameters on the order of 3 nm and smaller, which is out of the scope of the present work. We notice, however, that even for small NC sizes no dramatic effects are expected.
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Our treatment of the multiphonon transitions is based on the Huang-Rhys model 19, 32, 41, 42 . Some peculiarities arise when this model is applied to the relaxation of electrons and holes in Si NCs. We describe the interaction of the valence-band holes with the zone-centered optical phonons by the Bir-Pikus Hamiltonian 33, 43 , whereas the multiphonon transitions within the conduction band require the emission of intervalley optical phonons. Therefore, we need to extend the Huang-Rhys model to the case of the transitions between the degenerate levels. In the case of the electrons, where the emitted optical phonon transfers the electron to the state in the opposite valley and there is a single final state for the given initial state and the number of the emitted optical phonons, the problem is solved using a perturbative approach. For holes, there are several possibilities for the final state belonging to the degenerate multiplet. In this case we will show how the problem can be approximately reduced to the case of the nondegenerate levels. The bulk of the relaxation processes we consider are triggered by the emission or the absorption of a "promoting" acoustic phonon which assures the overall energy conservation. 32, 44 . However, we also discuss the processes where only optical or several acoustic phonons are emitted.
The paper is organized as follows. In Section II we investigate the multiphonon relaxation of the valence-band holes. Section III is devoted to the phonon-assisted relaxation of the conduction-band electrons. In Section IV we summarize the results and compare the obtained relaxation rates with those for competing processes.
II. MULTIPHONON ENERGY RELAXATION OF HOLES
A. Hole size quantization
We consider the states of holes confined in a spherical Si NC in the limit of a vanishing spin-orbit splitting. In this limit the valence band in bulk Si at the Γ-point has the symmetry Γ 25 ′ and is 3-fold degenerate. The energy spectrum near the Γ-point is determined by a generalization of the Luttinger Hamiltonian in the spherical approximation. 32 The three following types of the hole wave function can be distinguished:
Herer = r/r, F is the hole total angular momentum, M is its projection onto the z-axis, Y L F M (L = F ± 1, F ) are the vector spherical harmonics defined as in Ref. 45 with vector components corresponding to the Bloch functions with the appropriate transformational properties (see Appendix 1), and R L F (r) are the radial wave functions formed by spherical Bessel functions with coefficients determined by the boundary conditions. The boundary conditions are derived assuming the flux continuity at the NC boundary and an isotropic band for the corresponding hole states in SiO 2 characterized by the heavy mass m out = 10m 0 , where m 0 is the free electron mass, and the energy barrier U h = 4.3 eV. More details are given in Ref. 31 . The calculated dependence of the quantized energy levels of the holes in Si/SiO 2 NCs on the NC size is shown in Fig. 1 .
The hole states are characterized by the total angular momentum F and by the parity. The states with the parity (−1)
F are the heavy hole (hh) states while the states with the parity (−1) F +1 are contributed by both the light and the heavy hole states (mixed hole states: hm) with the only exception for F = 0 when the hole states are only contributed by the light holes (hl). The hole states are described by the main quantum number n = 1, 2, 3... followed by the abbreviation hh, hm or hl and the index denoting the total angular momentum F . For example, the hole state with the lowest energy is of the mixed type, namely 1hm1.
B. Hamiltonian of the problem
Our aim is to calculate the time of the hole multiphonon nonradiative transition between the initial state 2 and the final state 1. Note that in our model both the states 1 and 2 are degenerate with respect to the total angular momentum projection M . In what follows we will use the notation |i, M ≡ |nσF, M , where σ = hm, hh, hl and i = 1, 2, to specify one of the functions (1)-(3) for the initial and final states. The Hamiltonian of the problem can be represented as follows:
where i = 1, 2; c i,M are the annihilation operators of the holes, andV opt (u opt ) is the lattice scattering potential for holes due to the interaction with optical phonons in Si. The Hamiltonian of the interaction of holes with acoustic phonons is given by
where
, andV ac (u ac ) is the lattice scattering potential for holes due to the interaction with acoustic phonons in Si. In what follows we consider transitions from the state 2 to the state 1 promoted by the emission or by the absorption of a single acoustic phonon. In this case the part H 1→2 of the Hamiltonian (6) can actually be neglected in the calculation. The free phonon part of the Hamiltonian (5) reads
where b qν and a qν are, respectively, the annihilation operators of optical and acoustical phonons with wave vector q and polarization ν; ω opt is the optical phonon energy close to 60 meV for Si. 46 It was shown in Refs. 38,39 that for NCs with diameters D 4 nm the interatomic forces remain close to those in the bulk and there are no dramatic changes in the phonon spectrum. Therefore, we consider the electron-phonon interaction using the parameters of bulk Si. A more rigorous treatment of the phonon spectrum is in order for obtaining better quantitative results for small NCs with diameters on the order of 3 nm and smaller, which is out of the scope of the present work.
The lattice scattering potential for holes due to the interaction with the optical phonons in Si reads:
where a 0 = 5.4Å is the lattice constant, d 0 is the interaction constant, and
is the continuous field of the sublattice displacement induced by optical phonons, being equal to the half of the relative atomic displacement of the two sublattices. Here V is the normalization volume and ρ 0 = 2.3 g/cm 3 is the density of silicon.K x component ofK is given bŷ
whileK y andK z are given by the cyclic permutations.
As the spin-orbit interaction is neglected, the angular momentum matricesĴ x ,Ĵ y , andĴ z correspond to J = 1, and we take d 0 = 70 eV. 14, 47, 48 Special care has been given to the choice of the notations and parameters 14 which resulted in slightly different notations as compared to some of our previous works.
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The lattice scattering potential for holes due to the interaction with acoustic phonons is given bŷ
where a and b are the constants of the deformation potential. For Si it was calculated that a = −10 eV and b = 3 eV. 48 The deformation tensor components ε αβ are given by
and the atomic displacement field induced by acoustic phonons equals to
The polarization vectors ν q in Eqs. (10) and (14) are orthonormalized and can be chosen to be either purely real or purely imaginary. The Hamiltonian (4) describes the multiphonon relaxation promoted by the emission or the absorption of a single acoustic phonon. 44 The operator given by Eq. (7) supplies a matrix element between the final and initial electronic states necessary to trigger the multiphonon transition. This operator will be treated in the lowest order of the perturbation theory. The multiphonon part of the total Hamiltonian determined by Eq. (5) accounts for the energy difference between the levels ε 2 and ε 1 and is responsible for the transition efficiency. In Sec. II C we will show that this efficiency can be described by the Huang-Rhys factor.
The operators H 1 and H 2 can be rewritten as
with
and H 2→1 takes the form
C. Reduction of the problem to the Huang-Rhys model
The calculation of the multiphonon transition rate within the present model is greatly complicated by the degeneracy of the initial and final states with respect to the hole total angular momentum. As the electronphonon interaction lifts this degeneracy, the exact solution of the problem should proceed, at first, by diagonalizing the Hamiltonians (5) for each given phonon mode (q, ν) and a proper summation over the phonon modes afterwards. Instead, we choose to simplify the problem by reducing it to the well-known Huang-Rhys model 19, 41, 42 allowing for an analytical solution in a closed form. To that end we will replace each multiplet {|i, M ; M = −F, ..., F } by a single state |i . Then the operators H i take the form
where we have introduced the annihilation operators c i of the states i and the effective matrix elements V i , independent of the angular momentum projection. The operator H 2→1 reduces to
and does not change the form of the Hamiltonian
. As a result of this transformation, the diagonal electron-phonon interaction is present only for the lower state and the Hamiltonian H 2 + H 1 is similar to that considered in Ref. 19 after the substitutions 
Here S is the Huang-Rhys factor, T is the temperature, τ ac (T ) is the time determined by the acoustic phonon emission,
is the Bose-Einstein factor at the optical phonon energy E, with k B being the Boltzmann constant, and I p is the modified Bessel function. For S ≪ 1 and k B T ≪ ω opt the value of J p (T, S) can be well approximated by
which has only a very weak temperature dependence as, under these conditions, N ωopt ≪ 1. One can see that in this case the transition rate strongly depends on S while its temperature dependence is mainly determined by τ ac (T ). The Huang-Rhys factor can be expressed as
The number of emitted optical phonons p is given by the integral part of
where the total polaron correction δ p = δ p,2 − δ p,1 is determined by the difference of the polaron corrections corresponding to the single levels involved in the transition:
The reciprocal time of the single acoustic phonon emission (absorption) process is given by
where the energy excess (or deficit) ∆ε is given by
The key feature of the Huang-Rhys model is the factorized form of the transition rate with the acoustic-phonon transition rate and the multiphonon factor entering as the multipliers. Thus, we can calculate the two factors independently.
D. Multiphonon factor
It is convenient to formally introduce the wave functions Ψ 1,2 by writing the matrix elements V 1,qν and V 2,qν in the form
analogous to Eq. (16) . As shown in Appendix 1, this enables one to express the Huang-Rhys factor (27) in the form
where R is the NC radius and we have introduced the dimensionless factor
Similarly, the polaron corrections, given by Eq. (29), can be written as We have already mentioned that an exact calculation of the relaxation time would require the diagonalization of the operators (5). This would involve the evaluation of quadratic forms such as Ψ † i K α Ψ i using the correct basis of the wave functions in the zeroth-order approximation. However, the quadratic form
does not depend on the choice of the basis. Therefore, as an approximation, we replace the matrix elements Ψ † i K α Ψ i by their values averaged over M :
Possible derivation procedures justifying this type of averaging are discussed in Appendix 3.
Dependence of the hole Huang-Rhys factor S given by Eq. (36) on the NC diameter D for the transitions between the six lowest hole levels is shown in Fig. 2a . One can see that for all the transitions the value of the HuangRhys factor increases as the NC diameter decreases, approximately as 1/D 3 , but remains below 0.05 for all considered transitions and NC sizes. Therefore, Eq. (26) provides a good approximation of the multiphonon factor which is suitable for the estimation of its contribution to the total transition rate. Nevertheless, in our numerical calculations we use the full form of Eq. (24) .
The polaron corrections (35) for each level have now the form
One can see from Fig. 2b that the values of δ p,i are small. This guarantees that the splittings of each multiplet |i, M induced by the hole coupling to optical phonons are also small and our two-level approximation (15) is justified. Since the polaron corrections are significantly smaller than the optical phonon energy, we have neglected them in the numerical calculations of the relaxation times.
E. Acoustic phonon part
The acoustic phonon transition rate 1/τ ac is given by
where the partial rates (1/τ ac ) M2,M1 describing the transitions |2, M 2 → |1, M 1 and given by Eq. (30) after the substitution
are averaged over the initial and summed over the final states.
After the integration over q in Eq. (30) we obtain
where sgn(∆ε) = ±1 corresponds to the phonon emission (absorption), and the absolute value of the vector q equals to |∆ε|/s ν . The function Θ(x) in Eq. (39) is the Heavyside function,q = q/q, and the matrices Hq ν are given in Appendix 2. The plane wave expansion
allows one to integrate over dΩ q and to rewrite Eq. (39) as
where γ, δ, γ ′ , δ ′ = −1, 0, 1. Here we introduced ω = ∆ε/ ,
and
The calculated rate of the acoustic phonon emission (absorption) 1/τ ac is shown in Fig. 3 as a function of the phonon energy. One can see that the rate varies with ∆ε over several orders of magnitude. The rate has discontinuities at ∆ε = ±20 eV corresponding to the maximum TA phonon energy, and vanishes at |∆ε| > 50 eV, where the LA phonon dispersion saturates. Fig. 3a shows the rate of the transition 1hh1 → 1hm1 at room temperature. Various curves correspond to different NC diameters D. One can see that, for the processes describing the phonon emission, the maximum of the rate decreases with the NC size and shifts towards lower energies. Fig. 3b shows the rate of the transition between the same hole states in a NC of the diameter D = 4 nm but for various temperatures. The dependence on the temperature appears solely due to the temperature-dependent equilibrium phonon population, N ω , leading to a considerable asymmetry between the processes involving the phonon emission and the absorption below T = 77 K. In Fig. 3c we compare the emission rate for the transitions between the six lowest levels of the holes.
F. Transitions with emission of multiple acoustic phonons
We have considered the relaxation processes due to the emission of multiple acoustic phonons. Calculations based on Refs. 23, 32, and 49 show that the main contribution to the transition rate comes from the acoustic phonons with energies being about 20 meV. For such phonons 1|e
iqr |1 − 2|e iqr |2 is at maximum. The multiphonon processes can be described by a HuangRhys factor, which is of the same order as for the optical phonons. However, the emission of several acoustic phonons instead of one optical phonon is much less efficient and may be neglected for both electrons and holes. In the case of small energy spacings between the considered levels, i.e. less than the half of the maximal acoustic phonon energy, processes involving two acoustic phonons are less effective than the emission of a single acoustic phonon, as it can be expected.
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G. Transitions without acoustic phonon emission or absorption
Next we consider relaxation processes where only optical phonons are emitted. Such transitions become possible if one goes beyond the Condon approximation and takes into account the non-adiabaticity of the electronphonon system. 19, 32, 44 To that end we include the matrix elements of the hole coupling with optical phonons taken between the hole states 1 and 2 into the Hamiltonian (4). Using the result of Ref. 19 in the limit S ≪ 1, k B T ≪ 1 and generalizing it to include the degeneracy of the hole states, we obtain the average value of the transition probability:
where p ≥ 1 is the number of emitted optical phonons and the averaging is produced over the transition energy in the range of the optical phonon energy ω opt . Here we defined
Calculations using Eq. (44) lead to very high average transitions rates: e.g. for the transition 1hh1 → 1hm1 with a single optical phonon emission we get the transition time on the order of 0.1 ps for NCs with diameters close to 5 nm. However, as it was noticed previously, 18 such transitions are effective only if the difference in the level energies is confined to very narrow energy intervals close to the multiple integer of the optical phonon energy at the Γ-point. As in the case of acoustic phonons, the transition matrix element contains an oscillating form factor exp(iqr) [cf. Eq. (16) and Eq. (18)]. This matrix element decays rapidly when q exceeds a value on the order of π/D that limits the energy intervals where the transition is efficient (see Fig. 3 concerning the acoustic phonons). These intervals are much narrower for optical phonons than for acoustic phonons. This occurs because of the following reasons. First, the energy dispersion of the optical phonons is significantly flatter as compared with the case of the acoustic phonons. As a consequence, for the same value of the wave vector q the deviation of the phonon energy from the phonon energy at the Γ point is much smaller. Secondly, the wavevector-dependent matrix element of the charge carrier interaction with acoustic phonons is proportional to q 3 whereas it is only q 2 for optical phonons.
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In what follows we will neglect phonon-induced relaxation processes involving emission of only optical phonons. However, one should bear in mind that for each pair of neighboring levels such processes can be efficient for a very small part of NCs in a realistic NC ensemble with a certain size dispersion.
H. Total transition rate
The results of the preceding sections have been implemented to calculate the total multiphonon relaxation rate. The size dependencies of the total rates for multiphonon transitions between the six lowest hole levels are summarized in Fig. 4. Fig. 4a shows the interlevel energy intervals in units of the optical phonon energy ω opt . Fig. 4b sketches the relative energy positions of the valence-band electron levels. Figs. 4c and d give the size dependencies of the total transitions rates at T = 300 K and T = 77 K, respectively. In Figs. 4a -d the same color code is used to distinguish various transitions.
The multiphonon transition rate given by Eq. (23) vanishes when the energy of the promoting acoustic phonon ∆ε tends to zero. This occurs whenever one of the curves in Fig. 4a (determining the size dependence of the energy corresponding to a given transition) intersects with one of the horizontal grid lines separated by the energy of the optical phonon. This would lead to dips in the size dependence of the corresponding transition rate like the one shown in Fig. 4c, upper panel, by the dotted line. In reality such dips should not be expected because of the small but not vanishing dispersion of the (bulk-like) optical phonon. In order to take this effect into account approximately, we have "cut" the dips for |∆ε| < 2.5 meV while calculating the dependencies presented in Figs. 4c and d.
Analyzing the general trend of the dependence of the transition rate with decreasing the NC diameter we see that the rate stays more or less the same on average for the transitions 1hh1 → 1hm1 and 1hh2 → 1hm2 whereas it decreases for transitions 1hm2 → 1hh1, 1hm3 → 1hm1 and 2hm1 → 1hm2. In order to understand this difference in the behavior we notice that the transition energy dependence on the NC diameter is stronger for the last three of these transitions than for the first two (see Fig. 4a ). The multiphonon factor decreases rapidly with the number of the required optical phonons p [see Eq. (26)] because of very small Huang-Rhys factors (see Fig. 2 ). Although in the same time the acoustic phonon transition rate increases with the NC size decrease (see Fig. 3a ) for a fixed phonon energy the NC size dependence of the multiphonon factor is stronger. Therefore we observe a strong decay trend in the transition rate by decreasing the NC size for transitions 1hm2 → 1hh1, 1hm3 → 1hm1 and 2hm1 → 1hm2. The situation is different for transitions 1hh1 → 1hm1 and 1hh2 → 1hm2 because the transition energy dependence on the NC diameter is weaker in this case and the number of the required optical phonons p changes only slowly. For the smallest considered NCs it reaches only p = 1 for 1hh1 → 1hm1 and p = 2 for 1hh2 → 1hm2 transitions, respectively. As a consequence, the increase in the acoustic phonon transition rate roughly compensates the decrease in the multiphonon factor. The effect of temperature on the total transition rate can be estimated comparing Fig. 4c , where T = 300 K is used, and Fig. 4d with T = 77 K. We see that the rate is smaller in the case of T = 77 K by a factor less then 10. This moderate decrease correlates with the temperature dependence of the acoustic phonon transition rate (see Fig. 2 ). Some of the jumps in the dependencies of the rate on the NC size become larger because contributions with the acoustic phonon absorption (∆ε < 0) become much smaller in the case of T = 77 K.
A particular feature of the transition rates shown in Figs. 4c and d is their strong dependence on the NC size: The rate may change by several orders of magnitude when the NCs size changes by 10%. It is known that such dependencies can lead to multi-exponential or stretched-exponential population decays if the size dispersion is taken into account. [51] [52] [53] The population decay of a particular selected level within an ensemble of NCs can be found as
where f (t) is the time-dependent level population normalized to its value at t = 0, P (D) stands for the NC size distribution, and W (D) is the size-dependent total transition rate. The corresponding kinetics of the hole level population decay due to the relaxation up to the next neighboring level is illustrated in Fig. 5 . We see that only the initial part of the decay is single-exponential with the time T fast determined by
At a later stage of the relaxation process the kinetics is governed by a much slower decay tail which can be approximately described by the Williams-Watts stretched exponential law.
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III. INTERVALLEY MULTIPHONON RELAXATION OF CONFINED ELECTRONS A. Electron size quantization
The conduction-band states in Si NCs originate from the six equivalent ∆-valleys in the conduction band of bulk Si. To calculate their energy levels we employed the approach of Ref. 31 . This approach accounts for the strong anisotropy of the conduction band effective mass but neglects the non-parabolicity of the band. This provides a good approximation for moderately excited electrons with energies close to the band minimum. We further neglect the splitting of the electron energy levels arising from the intervalley mixing. The latter is due to the finite size of the NC and depends on the boundary conditions. 28 Our estimations based on the sp 3 d 5 s * empirical tight-binding method 11, 54 have shown that this orbit-valley splitting is considerably smaller than the interlevel energy gaps for NCs with diameters D > 3 nm. However, for smaller NCs it can considerably change the transition energies and affect so the results for the transition rates.
Our approach also takes into account the effect of the electron tunneling into the SiO 2 matrix. We assign a finite energy barrier of 3.2 eV 55,56 to ∆-electrons at the Si/SiO 2 interface and use the mass m ≈ m 0 for the electrons in SiO 2 57 . This leads to the considerable decrease of the energies of confined electrons, and allows for an exceptionally good agreement with the experimental data on indirect photoluminescence. 31 For very small NCs, the effect of tunneling can be dramatic, 25, 26, 58 leading to considerable penetration of the carrier density beyond the NC boundary and its localization near the NC boundary. The calculated energy levels of ∆-electrons confined in a spherical Si NC surrounded by SiO 2 are shown in Fig. 1 . The notation for different electron states is the same as in Ref. 31 . The electron states are characterized by the angular quantum number m = 0, 1, 2, ... and the main quantum number n = 1, 2, 3, .... The states have the degeneracy of 12m, including the spin degeneracy. The four lowest electron states ordered by their energies are labeled as 1e0, 2e0, 1e1, and 3e0, respectively (see Fig. 1 ).
B. Relaxation via emission of intervalley optical phonons
The intravalley electron scattering on optical phonons is absent in bulk Si, 43 so the ordinary multiphonon processes, 19 described within the framework of the Huang-Rhys model, 32, 41, 42 are ruled out for electrons in Si NCs. However, the optical phonons in bulk Si can cause scattering of the electrons between different ∆ valleys in the conduction band. 59, 60 Such processes play an important role the in energy relaxation in bulk Si.
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In this work we analyze their contribution to the energy relaxation in Si NCs. We consider emission of p ≥ 1 intervalley optical phonons accompanied by the emission or the absorption of a single intravalley acoustic phonon. The participation of the acoustic phonon in the relaxation process ensures the overall energy conservation.
It was shown in Refs. 38 and 39 that for NCs with sizes 4 nm < D < 8 nm the interatomic forces remain close to those in the bulk and there are no dramatic changes in the phonon spectrum. These results enable us to analyze the electron-phonon interaction using the bulk values of the deformation potential. Since the conduction band of bulk Si has six equivalent ∆-valleys, each state of the confined electron has an additional sixfold degeneracy. We restrict ourselves to the so-called g processes responsible for the coupling of the electron states in opposite ∆ valleys. 33, 61 Three groups of the electron states can be distinguished, as there are three degenerate pairs of opposite ∆ valleys. The interaction of the electrons with the g phonons takes place within each group independently. The energy of the g optical phonon in bulk Si is ω opt = 63 meV. 65 We use the approximate value of 60 meV. The energy difference between the initial and the final states is not necessarily equal to the integral number of optical phonon energies ω opt . Therefore, we also take into account the acoustic phonons; their close-to-linear energy dispersion allows one to fulfill the energy conservation law. We consider the intravalley matrix elements of the electron interaction with the acoustic phonons via the deformation potential. Similar to the case of holes (cf. Sec. II H), we take into account the weak optical phonon energy dispersion 46 when the energy of the promoting acoustic phonon is close to zero.
Let us restrict our consideration by a given pair of valleys. In this case the relaxation problem involves a total of four electron states, which are pairwise valleydegenerate. The pair of initial (final) states is characterized by the envelope function |i (|f ), and the energy E i (E f ). We will use the notation (n, v) to label the electron states, where the index n = i, f stands for the envelope function and the valley index v = 1, 2 specifies the location of the particular ∆ extremum in the Brillouin zone, either at the point k 1 = (k 0 , 0, 0) or at the opposite point
The processes accompanied by the optical phonon absorption can be safely neglected even at room temperature; ω opt ≫ k B T . Thus, we consider the energy relaxation with the emission of p intervalley optical phonons, assisted by single acoustic phonon emission (or absorption). The relaxation process can be thought of consisting of p + 1 virtual transitions: p transitions of the type (i, 1) ↔ (i, 2) or (f, 1) ↔ (f, 2) (with the emission of the intervalley optical phonon) and one intravalley transition, either (i, 1) → (f, 1) or (i, 2) → (f, 2), involving an acoustic phonon with energy ω ac = |E f − E i − p ω opt |. The relaxation process is described by the following Hamilto-nian:
The terms in Eq. (51) 
† can be neglected due to the problem formulation. The free-phonon Hamiltonian reads
where a q and b q are the annihilation operators of the acoustic and the optical phonons, having the energies ω ac (q) = sq and ω opt , respectively. We take into account only LA phonons and disregard the polarization of intravalley optical phonons. The interaction parts of the total Hamiltonian H (53) where the complex coefficients A jj ′ ,q are given by
with V being the normalization volume. The operators H (opt) i and H (opt) f , contributing to the Hamiltonian of the electron interaction with the intervalley optical phonons, 62 are
B n,q = D iv 2ρ 0 ω opt V n|e iqr |n , and the letter n = i, f denotes the initial and final states. In the summation over q we have singled out the wave vectors k 2,1 = −k 1,2 = (2π/a 0 )(0.3, 0, 0). The optical phonon wave vector approximately equals either k 2,1 or k 1,2 , since the overlap integrals with the envelope functions n|e iqr |n rapidly decay when the value of q exceeds 1/R k 0 . Consequently, we distinguish between the two types of intervalley optical phonons participating in the transition, having approximately opposite wave vectors and characterized by annihilation operators b
. Following Ref. [19] we use the quantum tunneling formalism 66 to obtain the transition rate. The electronic wave function is given bŷ
where |0 is the electronic vacuum andv 1,2 (t),ŵ 1,2 (t) are the operators acting on the phonon subsystem. The Schrödinger equation for the wave function (57) in the interaction representation with respect to the free-phonon Hamiltonian H (phon) 0 leads to the following system of equations:
We note that for the energy relaxation problem the interaction with acoustic phonons for the initial state can be neglected. Initial conditions for the system (58) arê
The relaxation rate is given by
where the double angular brackets denote the averaging over the thermal distribution of the phonon states. The presence of the two sets of optical phonons, b
and b (2→1) , distinguished by the sign of the wave vector projection to the intervalley direction, is the specific feature of the many-valley problem. Therefore, the techniques developed for the single-valley problem case 19, 32, 41, 42 cannot be used to solve it. Nevertheless, in the realistic case of a weak interaction, the relaxation rate can be found by means of the perturbation theory. The perturbation scheme involves the iterative procedure applied to the system (58) with the expansion of the solution in powers of the operators H (opt) and H (ac) . Note that, for a given number p of the emitted optical phonons, the valley number of the final state is j = 1 + p mod 2. Therefore, only one of the terms in Eq. (60) is non-zero:
The quantity w j is proportional to the matrix elements of the electron-phonon interaction, w j ∝ AB p . Since we consider dispersionless optical phonons, the energy of the promoting acoustic mode is fixed. The factor describing the interaction with the acoustic phonons can then be separated out. Similar to the case of holes, the resulting expression for the transition rate,
can be written as a product of the acoustic phononrelated prefactor 1/τ ac and the multiphonon factor J p (see Appendix 4) . Equation (62) is also valid for the case of p = 0 when no optical phonons are involved. In this case we have J 0 = 1. The time τ ac is given by
(63) Here Ξ is the deformation potential for acoustic phonons, s ≡ s LA is the longitudinal sound velocity. The integration in Eq. (63) is performed over the angles of the wave vector q having the absolute value |q| = ω ac /s. The energy of the promoting acoustic phonon reads
The sign +(−) in Eq. (63) corresponds to the emission (absorption) of an acoustic phonon. The multiphonon factor J p is given by
where the dimensionless factor
describes the strength of the electron interaction with the optical phonons. The value of the dimensionless quantityα i→f (p) depends on the initial and final states and on the number of the emitted optical phonons p. The corresponding expressions are derived and discussed in Appendix 4. The factor σ eαi→f (1) in Eq. (65) plays essentially the same role as the Huang-Rhys factor in the single-valley problem. 19 The perturbation theory used to derive Eqs. (62) and (65) is applicable since σ eαi→f (1) ≪ 1. As we checked numerically, the transition rate decreases rapidly, namely approximately as σ e (N ωopt + 1)α i→f (1) p /p!, when the number p of the emitted optical phonons increases, similarly to Eq. (26) . For example, the deviation of this approximation from the result given by Eq. (65) is in the range of ±15% for the transition 1e1 → 2e0, depending on the NC size and the number of the emitted phonons.
C. Calculation results
We have calculated the multiphonon factors, the acoustic phonon transition times and the total transition rates between the five lowest electron levels as functions of the NC diameter. The calculations were produced for the case of room temperature and for the parameter values Ξ = 10 eV, D iv = 2 × 10 9 eV/cm. 33, 63 The final results for the total transition rate as a function of the NC diameter are illustrated in Fig. 6 . As compared to the case of holes, the typical number of required optical phonons increases more rapidly when decreasing NC size (see Fig. 6c ). However, the average transition rates remain relatively high even for small NCs (see Figs. 6a and  6b) . This a consequence of a stronger effective electronphonon interaction leading to larger multiphonon factors as compared to the case of holes.
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Similar to the case of holes, we observe that the transition rates as functions of the NC size typically demonstrate a well-pronounced oscillatory behavior, with variations over several orders of magnitude. This leads again to a non-exponential decay of level populations in a NC ensemble.
14 The situation is different when the transition energy is relatively small and the relaxation process involves solely a single acoustic phonon. An example of such process is provided by the 1e1 → 3e0 transition. In this case the electron relaxes rapidly to the lower neighboring level on a time scale of some hundreds of femtoseconds or even faster. The transition time smoothly depends on the NC size.
IV. CONCLUSIONS
We have extended the Huang-Rhys model to the case of the transitions between the degenerate electron and hole levels in Si nanocrystals. Expressions for the multiphonon factors have been found for the electrons using the perturbation theory, which is a good approach as far as we have shown that the electron-phonon interaction is small enough for all considered nanocrystal sizes. These factors contain interference contributions from different possible pathways through the virtual states when multiple intervalley and a single intravalley acoustic phonons are emitted. For holes we have reduced the problem to the Huang-Rhys model introducing average values for the Huang-Rhys factors. We have shown that phonon-induced relaxation of moderately excited electrons and holes in Si nanocrystals occurs typically on the picosecond timescale. The transitions can be even faster if the interlevel energy separation is smaller than 50 meV, which corresponds to the largest possible acoustic phonon energy. The transition times on the order of a nanosecond or even slower are also possible for certain pairs of neighboring levels and nanocrystal sizes. For a given pair of levels the variation of the relaxation rate with the nanocrystal size can amount to several orders of magnitude. Our results suggest that these variations are usually larger for the electron transitions than for the hole transitions. We predict a stretched-exponential behavior of the decay rates in ensembles of Si nanocrystals characterized by a certain size dispersion. The temperature leads to a moderate decrease of the relaxation times due to the increased acoustic phonon populations but does not qualitatively change the their dependencies on the nanocrystal size.
Our results suggest that the carrier relaxation induced by the emission of one or several phonons is a very efficient energy relaxation mechanism for moderately excited carriers in Si nanocrystals. Whereby, in the case of the multiphonon transition, the most effective relaxation pathways are provided by the emission of one or several optical phonons and the emission or the absorption of a single acoustic phonon. Emission of multiple acoustic phonons without optical phonons is relatively ineffective and emission of a single or multiple optical phonons without acoustic phonons can be effective only for a vanishingly small fraction of the nanocrystals. Competing relaxation mechanisms due to radiative intraband transitions 23 and due to transitions induced by the interaction with vibrational modes of the amorphous polar environment 68 lead in most cases to considerably smaller transition rates. One should mention that defects at the NC boundary can introduce competing and even faster relaxation channels. For Si nanocrystals with diameters below 3 nm picosecond and even subpicosecond relaxation lifetimes were predicted under certain conditions. The matrix element in Eq. (32) can be written explicitly as
and the matrices K α (α = x, y, z) are defined in Eq. (11) . The phonon polarization vectors can be chosen as (in the Cartesian basis)
The orthogonality of the vectors ν leads to the equation
and the following identity
Equations (A1.3) allows one to represent Eqs. (27) and (29) as Eqs. (33) and (35) , respectively. To find the values of Ψ
in Eqs. (36) and (35) we rewrite the solutions (1)- (3) as
, where 45 In the basis of (e 1 , e 0 , e −1 ) we get
Therefore, we arrive at the following expressions for the solutions of type hm:
whereas, for the solutions of type hh, one obtains For the optical-phonon transition matrix elements between the hh and hm states (nonadiabatics) we get
The functions Λ introduced above are related to the contravariant cyclic components of the vectors Φ given by (A1.5) as follows
The initial conditions for the system (A3.2) arê
3) in the case when the state |2, M 2 is initially populated. The relaxation rate is given by
where the double angular brackets denote averaging over the thermal distribution of the phonon states. The probability averaged over the multiplet of the possible initial hole states is given by
For a given number p of emitted optical phonons one can employ a perturbation theory to find the transition probability W p (cf. Sec. III, B). Let us consider the case when exactly one optical and one acoustic phonons are emitted. For non-degenerate levels one would get
i.e. the result is proportional to the Huang-Rhys factor S. Generalization of Eq. (A3.6) for the case of the degenerate initial and final levels leads to the following expression
We would like to stress that the transition probability is determined by a superposition of the two dis- This expression is invariant under the basis transformations for both the initial and the final hole multiplets. In particular, these basis states may be chosen to be independent of the phonon mode. Finally, we arrive at the result (A4.28)
The cases of p = 4, 5 are also trivial but the results are too cumbersome to be given here. It is worth to note, however, that the factorα i→f (p) can be always presented in powers of the integrals U, S, and C.
The relaxation process considered above is similar to that studied in Ref. [18] . In the latter work the virtual intermediate states for the multiphonon transitions originated from the levels of the size quantization different from the initial and the final levels. In our case the virtual intermediate electron states originate from different valleys but are characterized by the same envelope functions as the initial or the final states.
